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~kp + ~ks = ~ki
wp + ws = wi





!p = !s + !i






!i = !p + !s





!s !i ~ks ~ki
!p = !s + !i
~kp = ~ks + ~ki








U(t) ⌘ exp (  i
h¯
Ht)
| in >= |↵p > |0i > 0s >
|↵p >
↵ = |↵| exp i✓
| out >= U(t)| in >= ↵p > | >




 m|1mi > |1ms >
|1mi > |1ms >  m
!1p !2p
~k1p ~k2p !s !i
~ks ~ki
!1p + !2p = !s + !i

















✏xx = ✏yy ⌘ ✏?






















a x x+ x b y y + y
x  a  a+ x
y  b  y + y
a A b
B A NA
B NB A B
C NAB
























PAB(x, y) ⌘ @
2p(x, y)
@x@y
= P (A|B)P (B) = P (B|A)P (A)
x y
PA(x) PB(y)
Bxy = xy   x⇥ y
xy x y x y x y
 
p
D(x)D(y)  Bxy 
p
D(x)D(y)
D(x) D(y) x y
D(x) ⌘ E((x  bx)2)













P (x|y) = P (x)
x y x y
x y f(t)
x = f(t)
y = f(t+ ⌧)
Bxy(⌧) = f(t)f(t+ ⌧)  f(t)⇥ f(t+ ⌧)
t
⌧ Bxy( ⌧)
Bxy( ⌧) = f(t)f(t  ⌧)  f(t)⇥ f(t  ⌧) = [tnew = t  ⌧ ] =
= f(tnew)f(tnew + ⌧)  f(tnew)⇥ f(tnew + ⌧) = Bxy(⌧)
B(⌧) = B( ⌧)
Bxy(⌧) = ff ⌧   f ⇥ f ⌧
f ⌘ f(t)
f⌧ ⌘ f(t+ ⌧)
x y t1 t2
Bxy = x(t1)y(t2)  x(t1)⇥ y(t2)
t1 PA(t1) t2










t1 = t2 = t3






PA1···Am+n(t1, · · · , tm+n)
⇥x1(t1) · · · xm+n(tm+n)dt1 · · · dtm+n
n
xn(t)xn(t+ ⌧)
PA(t1) PB(t2) PAB(t1, t2)
t1 t2
< bx1(t1) · · · bxm+n(tm+n) >= Tr(b⇢(t1, · · · , tm+n)bx1(t1) · · · bxm+n(tm+n))
bx1(t)bx2(t)
< bx1bx2 >t>0= Tr(b⇢(0)bx1(t)bx2(0))
< bx1bx2 >t<0= Tr(b⇢(0)bx1(0)bx2(t))
|i > |f >
|f > |i >
< f |ba|i >
ba p




|f >< f | = bI,
X
f
< i|ba⇤|f >< f |ba|i >=< i|baba⇤|i >,
|i > b⇢








(x, t) ⌘ x
< i|ba(x)ba⇤(x)|i >p = Tr(b⇢ba(x)ba⇤(x))
x = x‘
  (1,1)N (x, x
‘) = Tr(b⇢ba(x)ba⇤(x‘))
V (x)
ba(x)|↵  >= V (x)|↵  >
< ↵⇤ |ba⇤(x) =< ↵⇤ |V ⇤(x)
↵ 




‘)V (x)V ⇤(x‘) ⌘< V (x)V ⇤(x‘) >
(x1, t1) ⌘ x1
(x2, t2) ⌘ x2
(xn, tn) ⌘ xn n
|i >
|f >
< f |ba⇤n(xn)ba⇤n 1(xn 1) · · ·ba⇤1(x1)|i >
< i|ba(x1)ba(x2) · · ·ba(xn)ba⇤(xn)ba⇤(xn 1) · · ·ba⇤(x1)|i >p
= Tr(b⇢ba(x1)ba(x2) · · ·ba(xn)ba⇤(xn)ba⇤(xn 1) · · ·ba⇤(x1))
n = m xj = xj+m
n+m
  (m,n)N (x1, · · · , xm, xm+1, · · · , xn) = Tr(b⇢ba(x1) · · ·ba(xm)ba⇤(xm+1) · · ·ba⇤(xm+n))
x, t
x
ba⇤(x, ⌫) ⌘ Z 1
0
ba⇤(x, t) exp (i2⇡⌫t)dt
ba⇤(x, t) ⌘ Z 1
0
ba⇤(x, ⌫) exp ( i2⇡⌫t)d⌫
ba(x, ⌫) ⌘ Z 1
0
ba(x, t) exp ( i2⇡⌫t)dt
ba(x, t) ⌘ Z 1
0
ba(x, ⌫) exp (i2⇡⌫t)d⌫



























  (m,n)N (t1, · · · , tm+n) = Tr(b⇢(t1, · · · , tm+n) bx1(t1) · · · dxm+n(tm+n)) =




























8<:1 = 1 · · ·m 1 = m+ 1 · · ·m+ n
X
✏j⌫j = 0










Ein(0, t) = A(0, t) exp ( i!0t)
E(0, t) = A(0, t) exp ( i!0t)































⌧Ainn (t  nTR) +
p
RAn 1(t  nTR)









R  1)An 1(t  (n  1)TR)
TR
n T
An(t  nTR)! A(t, T )
An(t  nTR)  An 1(t  nTR)
TR























bAvacr (t) ⇡r2krTR bAvacr (t)
< bAvacr (t) bAvac+r (t‘) >=  (t  t‘)
















c t P (z, t)




r = s, t  r




(2)(⌧1, ⌧2)E(z, t  ⌧1)E(z, t  ⌧1   ⌧2)
 (2)(⌧1, ⌧2)
E = Es + Ep
Ar(z, t)
































)As(z, t) = 2 Ap(z, t)A
†
s(z, t) exp (i kz)


















Ap(z, ⌘) =   A2s(0, ⌘) exp ( i kz)
@
@z
As(z, t) = 2 Ap(0, ⌘)A
†
s(0, ⌘) exp (i kz)
2.102
As(l, t) = cosh(2 l|Ap(0, t  Tl)|)As(0, t  Tl) + sinh(2 l|Ap(0, t  Tl)|)
⇥ exp (i p(t  Tl)A†s(0, t  Tl)
@ bAs(t, T )
@T
=  ks bAs(t, T ) + 2gA0(t, T ) bAs(t, T ) + bFs(t, T )
A0(t, T ) g
bXs(t, T ) bYs(t, T )
bAs(t, T ) = bXs(t, T ) + ibYs(t, T )
bXs(t, T ) bYs(t, T )
bXs(t, T ) = 1
2
(exp ( i in(t)/2) bAs(t, T ) + exp (i in(t)/2) bA†s(t, T ))
bYs(t, T ) = 1
2i
(exp ( i in(t)/2) bAs(t, T )  exp (i in(t)/2) bA†s(t, T ))bXs(t, T ) bYs(t, T )
bX(t) = bX†(t)
bY (t) =  bY †(t)
@
@T
 bXs(t, T )bYs(t, T )
!
=  ks
 bXs(t, T )bYs(t, T )
!
+2gA0(t, T )
 cX†s(t, T )cY †s(t, T )
!
+
 cF ‘s(t, T )cF “s(t, T )
!
bFs(t, T ) =cF ‘s(t, T ) + icF “s(t, T )
@
@T
 bXs(t, T )bYs(t, T )
!
=  k⌥(t)
 bXs(t, T )bYs(t, T )
!
+
 cF ‘s(t, T )cF “s(t, T )
!
k⌥(t) = 1⌥ 2gA0(t)
ks






 cF ‘s(t, T ‘)cF “s(t, T ‘)
!






 k = kp(!p)  2ks(!s/2) = 0
As(t, T )





t! t  nTRbXs(t, T )! bXs,n(t  nTR)bYs(t, T )! bYs,n(t  nTR)bAouts,n(t)
bAouts,n(t) ⌘p2ksTR bAs(t, T = nTR) r TR2ks bFs(t, T = nTR)
 
< bXouts,n (t  nTR) bXouts,n‘(t‘   n‘TR) >








2(1⌥ u(t  nTR) ⇤ exp ( k⌥(t)TR|n  n
‘|) (t  t‘   (n  n‘)TR))
t  nTR
t
0   n0TR n n0
n = n‘
 
< bXouts,n (t  nTR) bXouts,n (t‘   nTR) >





 (t  t‘)± ksTR u(t  nTR)




< bXouts,n (t  nTR) bXouts,n (t‘   n‘TR) >
< bY outs,n (t  nTR)bY outs,n (t‘   n‘TR) >
!
= ±ksTR u(t  nTR)
2(1⌥ u(t  nTR) ⇤ exp ( k⌥(t)TR|n  n
‘|) (t  t‘   (n  n‘)TR))
Es(⇢, t) Er(⇢, t)




cE1(⇢) = Z d⇢‘1h1(⇢, ⇢‘1)cES(⇢‘1) + L1(⇢)
cE2(⇢) = Z d⇢‘2h1(⇢, ⇢‘2)cER(⇢‘2) + L2(⇢)
L1(⇢) L2(⇢)
G(2)(⇢1, ⇢2) =< I1(⇢1)I2(⇢2) >   < I1(⇢1) >< I2(⇢2) >
< Ii(⇢i) >=<cEi†(⇢i)cEi(⇢i) >






























< n|m >=  nm
d
dt
| (t) >=   i
h¯
(H0 + V (t))| (t) >
H0 V (t)




V (I)(t) = exp (
i
h¯





| (I)(t) >=   i
h¯






| (I)(t) >(n) n
t0
t0











  ih¯V (I)(t)| (I)(t) >(0)   ih¯V (I)(t)| (I)(t) >(1)
k k
























































| (I)(t) >= U I(t0, t)| (I)(t0)
t0 t1
t0  t1  t2  t3 · · ·  tn  t
|n0 >
| (I)(t0) = |n0 >
< n|U(t0, t)|n0 >= U (I)nn0(t0, t)
|n0 > |n >
|n0 > t0








|n >< n||n0 >= |n0 >= |n >  nn0
t
|n0 >
|n1 > |n2 >
V (I)(t)
V (I)(t) = exp (
i
h¯
H0t)V (t) exp (  i
h¯
H0t)




















H0tn 1)V (tn 1) exp (  i
h¯




⇥ exp ( i
h¯
H0t1)V (t1) exp (  i
h¯
H0t1)










|nk >< nk| exp ( i
h¯




V (I)(tk) =   i
h¯
exp (i!nk 1tk)V (tk) exp ( i!nk 1tk)
  i
h¯
V (I)(tk) ⌘   i
h¯
V (I)nknk 1(tk) =  
i
h¯
exp (i!nktk)Vnknk 1(tk) exp ( i!nk 1tk)
X
n1
|n1 >< n1| exp ( i
h¯










< n| exp ( i
h¯



















⇢22(t) = tr(⇢(t)|2 >< 2|)











(tj+1   tj) = (  i
h¯
)2 < vac|(~d(I)21 (tj+1) ~E†(~r, tj+1))( ~E (~r, tj)~d12(tj)|vac >
~d(I)21 (tj+1) ~d12(tj+1)
tj+1
~d(I)12 (tj) =< 1| exp (
i
h¯
H0tj)~d exp (  i
h¯
H0tj)|2 >= exp ( i!21tj)~d12
~d(I)21 (tj+1) =< 2| exp (
i
h¯
H0tj+1)~d exp (  i
h¯















< vac|a~k a⇤~k |vac >=  ~k ~k‘ ‘
X
22












12 exp ( i(!k   !21)(tj+1   tj))) ⇤ 1
1















dtn · · ·
Z t2
t0
dt1gn(t  tn)gn 1(tn   tn 1) · · · g0(t1   t0)
t   t0   t1   t2 · · · tn g(t  t0)
t  tn = ⌧n
· · ·



































12 exp ( i(!k   !21)(tj+1   tj))
gj+1(tj+1) ⌘ 1
gj 1(p) = gj+1(p) =
Z 1
0































































1 + i(!k   !21)
X
22














!k   !21   i↵
X
22












































+ · · ·












p =   ih¯ E2    22






U (I)22 (0, t)
< 2|U (I)†(0, t)|2 >= |U (I)†nm (0, t)
X˜
22






























k1 N2 k2 N3
k3
|N1, N2, N3 >= |i‘ >
|i >= |a,N1, N2, N3 >= |a > |i‘ >
|f >= |a,N1 + 1, N2 + 1, N3   1 >= |a > |f ‘ >
4.1 4.3
|a >
|b > |i‘ > |v‘1 >
|v‘1 >= |N1 + 1, N2, N3 >
|v1 >= |b > |v‘1 >= |b,N1 + 1, N2, N3 >
|b >
|c > |v‘1 >
|v‘2 >
|v‘2 >= |N1 + 1, N2 + 2, N3 >
|v2 >= |c > |v‘2 >= |c,N1 + 1, N2 + 1, N3 >
|a > k3
|f ‘ >
|f ‘ >= |N1 + 1, N2 + 2, N3   1 >
|f >= |a > |f ‘ >= |a,N1 + 1, N2 + 1, N3   1 >
k1 k2
k3
4.2 4.5 4.5 4.7 4.7 4.9
4.2 4.5
< v1|bv|i >=   < N1 + 1, b|dE|N1, a >=   < v1|dbaE( )1 |i >
bv  
4.5 4.7
< v2|bv|v1 >=   < N2 + 1, c|dE|N2, b >=   < v2|dcbE( )2 |v1 >
4.7 4.9
< f |bv|v2 >=< N3   1, a|dE|N3, c >=< f |dacE(+)3 |v2 >
bHSh
bHSh = bHSh0 + bV
bHSh0 bV
bV << cH0Sh
bU0(t) = exp ( i bHSh0 (t  t0)/h¯)
t t0 bfSh
|t >Sh (t) bf 0(t) |t >0 (t)
bf 0(t) = bU †0(t) bfSh bU0(t)
|t >0 (t) = bU †0(t)|t >Sh (t)
bU(t) = exp ( i bHSh(t  t0)/h¯)
bfSh
|t >Sh (t) bfG(t) |t >G
bfG(t) = bU †(t)fSh bU(t)
|t >G= bU †(t)|t >Sh (t)
bf 0(t) = bU 10 (t)bU(t) bfG(t)bU 1(t)cU0(t)
|t >0 (t) = bU 10 (t)bU(t)|t >G
bS(t) ⌘ bU 10 (t)bU(t) = exp (iHSh0 (t  t0)/h¯) exp ( iHSh(t  t0)/h¯)
bU0(t) bU(t)
t   t0
bS(t) = 1  i
h¯
V (t  t0)  V
2
2h¯2
(t  t0)2 +O(t  t0)3




bSm(t) (t  t0)m 4.24
4.23 bS(t)
ih¯ b˙S = bV0 bS
4.25 4.26










0(t1) . . . V
0(tm)
|n >= | n(t) >
t0 |n0 >bV
|n >= bU |n0 >= cU0 bS|n0 >=X
n
cU0|n >< n|bS|n0 >=X
n
|n, t0 >< n|bS|n0 >
bS |n0 >
|n >
|n0 > |n >
Pnn0 = |bSnn0 |2 = | < t|n, t0 > |2 = | < n|t0 > |2
t  t0 =1 bV Sh(t) = 4.28






Vnnm 1 . . . Vn1n0




< n|V |nm 1 > · · · < n1|V |n0 >





dt‘ exp (i!t‘) = 2⇡ (!)
4.10
< v1|bv|i >=   < v1| dbaE j
h¯(wab   w1) |i >
4.11
< v2|bv|v1 >=   < v2| dbaE j
h¯(wac   w2) |v1 >
|i > |f >










h¯2(!ac   !2)(!ab   !1)
|i >



